
Logistics 6/1/25

4 weeks - Methods for Int. Optimization

10 weeks- Applications
, Modelling , Solving (e . g. Decompositions)

↓

Vehicle Routing (15-20 %) Project (2 weeks) - Teams of 2/3

Line planning Quizzes

Network Design Midsem ,
Endsem

Multicommodity flows
· No slides

,
material-just lectures

Crew scheduling * AU if CC
.

·Some references

- CCZ (Conforti
, Cornuejols , Zambelli) Int . optimization

-

Walsey ,
2nd Edition 3

Int . Optimization ① Given A,b find z st . Ax = b (GEM)
Amxn

min cTx ② Given Ab find St . Ax b

x (nx)
Ax - Es = b

,
50

ust . Ax b bmx) slack variables

U

XE T - simplex method

↳ solve equality based system in every
iteration.

- Interior point methods ,
Barrier method

(Problem)
Given n objects of weights w, .... Wh divide these n objects into

two sets of exactly equal weights , ensuring no object is left out lencode

[xiwi = Ewil ,
x : 30,: ,

xe1Y

max CT x max cTx max cTx + hTy 7/1

Ax b Axz b Ax + Gy =b

x 24 x30
MILP

x; 50 , 13 X i
y 0

Binary program
124

xtI"
, y ERP

feasible
region

S = (((( ,7) : Ax + Gy = b
, x30

, 130 , 3
x + 1 , ye IRP



Branch and Bound

Hit and trial lower bound ->

dropa relaxation -upper bound t try to bring closer.

Y
uti ⑧ 9/1
(solve LP relaxation) ↳ -n , 33

n.@ 2

1
. LP relaxation infeasible X

21 V n273
2. LP optimal soln exn n 4

3. L has unbounded soln -> ILP is unbounded/infeasible

4
. LP opt (20 ,yo) with 2012 .

Divide the problem into smaller parts

and do branch-bound on each part

x° = (1 . 3
, 0 .

5
, 1 . 7)
-

, 2 Extra Constraints
x,· Prune by integrality ,

solve again ! o (2) worst case

122a ,
33 of' it gap

so t ,
this small,

L can stop !
# can have large

# levels evenStop
0210
- z*

1z
! with 2 variables.

x - 2 , yERP Clarge constraints)

- It if z"then prune =
N0L node 12

.

Eat Ext

⑪ 1
. Best first search

2 . Depth first search

Cutting Plane

Valid 1 . How to Find cutting plane

2. How many planes . - exponentially manyF g Brancane

(worst case)

bound on remaining



Chvatal & Gomony m = 10,
0

,
0

, 5) Simplex Method
- ↓maxx

,
+ (2 E11 set free vars to 0 -

keep changing basis.

-
max-
[x ,, < 2 , %z , 7430 2

13 , My

have - ve

coeff,

-basic
x30 so this soln

(2, ,
0 , % variables

is best .

&
Look at this equation to

x22 get a cut

Ex + 1xy =+
un

⑧ ⑧ 30 basic↓
variable

10,
0

,
0
, 5) (1 ,

0
,

5
, 0) x0

=2)
x - +jxz + +xy = E Cut proposed by Gomoy ,

Chratal

x - xz + 2xz + yxy = 1
- x , + xz30 >17 chops off the point

Given

* 4x + a2x2 + -. . + ancn = do Ye
x.... Mn 30

n

Then
, [(aj = Laj))Rj > 9o-Lao) is satisfied by all xeI P
j= 1

; =doj)=
VI 1

R-[*)

(ix0) [Lajo => j -Lajj
VI

Laj]xj
It in staform

KD1 +a: xi +... = b, G procedure.

-

zeros
.

- by - LI say o 6 = current ptort = ( - Lazs(x2 + ---

chopped off



Quadratic
Max(TC

Constr . IP Ay = b
infeasible A

+
p >, o

xTA
,
x = b

/

Cundecidable)
Y30 bTp < 0

:

xTAn[bn

M
xE1

21 Jan-convex hell lea (Ask later)

napsack
Given a bag of capacity b and n types of items that can

be taken in

bag with as being the weight of one piece of item : and

C : its value. How
many

of each item will
you pack in the bag to

maximize total value ?

max (
,
x

,
+... + (n))n ( knapsack model)

a
, x) + - .. + ancn1b

Knapsaca E x0

2

(budget)

xE I

E .g. 2k, +

120 R

&Binary Knapsack E 50, 1y"

Bin packing Given n items of weights W , 12 , .
-.

, wh and identical boxes of

capacity 'beach. How many boxes are required at minimum to pack all items.

Ej = &1 : it
box j is useda

j + (n]

ij = 911 ,
if item ; put in box j it(n] . jeCh]



min Zzi
St . [ wij 1 b ; jesn]

xij1 zj = ije[n]

=1 in

⑬ Edithingstock
xj = 51 , it rollj

is

usedat rolls of
# small

width 9

Zij = No
.
of rolls of width I that we cut from roll j

minx
, +... + xD if yi= o

, size

saw y : = 1
,joby

st . [Zijw; <Wj; zaii = by ;
j z

coefficient tightening ↓ xi = y ;

Izij di eliminate

j some L Yie 50 , 13
fractional

zij soln

# cons = N + nN + n

xj 50
, 1] # vars =

N + nN

50 : conforti) = solve inc bigger
LPs

Large formulation for cutting stock Cret pg >Cadd cols successively)&

Feasible patterns P2 : 3x30 ⑳ x

i2 : 2x30 + 1x25
-- 72 = # times In

is used

Naive lowen min
E

gs # : Write "maximal"

bound : patterns

Enidi * Every column is a

#ternate objective : C
.

pattern
"

xs I Tighter relaxation
min # patterns used.



Packing Nodes in Graph (Packing = independent set

xi =

Stnode
i is selecteda

Max In
,
Willi

S
.

t.
u + 11 V Su, vYEE

xe 50
,
1yn

some tricks

,o x , + x2 + Cz) tighter LP formulation

0[x1)

Covering Nodes of a Graph

Select a few nodes e.t. all nodes are either selected or are neighbors
of selected nodes.

Min Zwilli
iz)

x + xu 31vu = V
ueN(V)

x 50, 1y2

E . 9 .
min Ewix,Graph Partitioning

xi + j = 1 v(u,vee) bipartiteents.
re 90, 13

min &We te
·

min-cut

xs = 1
, x = 0

x-cut (pg 55-5t)

Project X

covering of Steiner triples (2 . 4 .6)
ze-xu - xv

Set-cover
xv - xu -

5 , S2 .
--- Sm

x 90 ,1 (a ., 92 ,9) - - -
-

pick elements

each pair unique S
.

covering all Si

(1 Si + 0)



ISP (Complete graph HAM-cycle minimum weight
not allowed

(DFJ Formulation (
Xij : (i,j) is part of tour singing↓

expmany
constraints =

Idea :
xij, 0

z[xj)-

1
. Solve without S

minFi , with is jes
2. If S violated,

add constraint and # SC V
,
151

solve model again

(works in practice)

Idea :
5 Si ,

52

%% - % . -
...

1
% -

B & B tree

for vanilla constraints

Instead,

Copen leaf nodes)O add 5, to all feasible leave clazy cuts)d and continue
, instead of throwing out

vd the previous tree.

MTZ formulation

j = &1, it
we go

from mode i toj in ora

[1 ... n)
E

Vi = position of node i

minijkj=
in tour.

i to j > u;H

· All Uis are different vi -y + 1 = n(1 - xj)(i , j + 1)
1 =Un



xj = 0 = vi - uj n - 1

xe 50, lyF
xij = 1 = ujz vi + 1

I slower in B & B)

IfI subtour not cont mode 1

3-index formulation

[(vi - uj + 1zn() - xj)

(i,j)e e

Kij , k = 1 if we go from i to j (c) < 0 · (contradiction)
in kth leg of tour

min & igeeij

I Rijk = 1
, iecn

enter/exit ciyo
S

[ [, ijk = 1 , jec]
/ ; exactly once

i= 1

ijk = 1
,
ke(n] -

every step move

somewhere.

Enter at turn k

Zijk, , , leave at turn k+ 1

entering j
q +j

at turn

in = 1 - reach node I in

the last turn
i = 2

= -> leave node ina

1st turn
.



Capacitated Vehicle Routing Problem (CVRP) [Toth & Vigo-retbook]

O
En

-

05
capacity of luck = 40 units&

2 -y

- 02

⑧ Base

9 I refill
O

Inputs : Base : (o)
- Bin packing + TSP

Customers :
1

... n

Demands : a ,
... an

capacity of vehicle : G

cost of moving blu ; and j : Cij
Number of vehicles :K

&1 Pack n customers in K bins each of size &

&

2 Haw to
sequence each bin/route

# : Minimize cost of movements (without splits : all demand met at

same time)

j = &
if vehicle goes from mode i toj in solution

minjji
depart once enter once

↓ want to avoid
Sitj i

, je <1 . -- ny ③->⑤
j= 1

(c -1)
OFj ifj (

- I) ↑ ↓
⑥

j



Laporte , Nobert
,

Desrochers

Take
any

subset S Sm , ...., nk]7 total demand = D then need

T&T trucks atleast

Let r(S) : = minimum number of trucks

required to meet demand of S. violated #S

TES)] < lowerbound :
actual moda ⑳from bin packing

Ess <

Tes Es 2. ...n )

- Eliminates subtours +

takes care of capacity
Let- tour where capacity is violated

constraints.

25

s
⑳

vap w/ fewer constraints ? Yes.

MTZ formulation

min [Cijij

st . C-I
, I

Let Ui = demand already distributed by the vehicle

at the time of enteri



#0 Network Design Network flow

S

-
·

200
+ S

·To070 - 0

un

costs per
-

unit flow given

-
Some capacities given

Yoj = flow along (i,j)
on the edges.

- some quantities are moved

Zbj= jev-t

= Its

[Ji
, t

= I +EYx
it V

j Yij >
o

capacity of (i,j)

By 100
Multicommodity flow

* Write LP for

= 00 demandon (of each producto each commodity
O

! 0-
a yB Sty of commodity K travelling

on arc (i,j)

30

[-Zyk
if supply mode o a

it i is demand"-"Hit X

O otherwise

Zij , y O ↓ (i, j) E



Flow without splits (Hard problem) gl = demandoa
now we want path for each demand

Yi ,jk = whether (i , j) <A is carrying commodity K

Assumptionemand,

Zo"-E supply/gl ( + 1)

supply node

-denand/h (-1)
per

commodity.
O

&Gij # 9K) [4i
,j

K

R Network design,
has additional

min [C , Yik Ned cost for constructing an edge.

i
, jsk

Quadratic Assignment facility loc (1
... Y can be

kept in any permutation
Location : 1... D E21

dij = distance blu fac locations
TF3

F ,
D

Facilities =
1 ... n

Fij =
flow blu facilities. D Fr

Sij -S ,

ith facility at
the location

j = 1 vi

O, /w

[xij = 1 + j
min [ij pq tip dig

- x = 50 ,, yxnis, P,g
quadratic program.

Quadratic assignment (20s/30s) locations . (TSP 100k cities)
↳ poor 19 relaxation

.



-relaxation

Yij , p ,qi ,j

Yojipg p ,q

Yij , p , q - (ij + xpq - 1

ReplaceMijxpg with
yijpg


