CS6106 — Statistial Learnirg Theoa 7/ 4
Tnsteuctor @ Avichek Ghogh

Course website : —F:Sure # owk (content, assignments @ webette , moedle’

Tue [ — S-20 - F pm

Exbo classes — Saturdo 3.30——S'Fm

Grading :  Homeworks  20% (2-3)

Midgem 30%/
Sndsem 307
chi‘aes s %

class farkictpation s 7
What is this ourse abouk ?
1. AnaQa.zIr\\j ™ML aﬁgof’&hms fora a  hakichicad pornt of ~iew

2. Involves a 911“36 o clokichical ool /%ed\nf?u&g that can be wed Cn&epended—%
NOT abouk
A_Thema of Deep LQQN“B
- Not faf\'icu_o,m‘ﬂ\») agorithmic
Reference. -
1. HU\'\ dimensional Slakishcs — Marhin Wa’mmwﬁh’r
A. A%mﬁoh‘c Stats — A- W- Vanderbaart
Classification CBMGU)
Guwen doke points (X% ) CX2,¥2) ... Cx,,,yn) where XieZ QRQL
Yoe 31, 41y

Goal : Fnd o cﬁﬁ&SiA‘er a! X = 3I-1, +\’}

How to obkin 3wz 2 — Nohon of foss Auockon

B‘macvj Qoss ¢ 4 CjC:r.)qéyj _—_{ 1,4 gD &Y
Cerrer) o, it g =y



Conghuck " Ewmpirical Qo " hn(q)= 1 5" . i
o P 3 " Z('—‘l j]_fj('l\)=fj\, )
We select  clasg h[ier‘ for which Ln (3) is mim’m(%ecﬁ

/Sn = aywin Ly, (q) , whee T denctes
3¢ C {nmaQJ of Mascifier

Poblem : 4. Peclornance on wnseen” daka is aot considerecl
2. ¢ an be cwmplicked , N @n be wmuh smaller
Upto +his point ?ureﬂa empiricod  Cno stakickies)

Statistal Model
We aseume thak (X YD 5 - - > [ Xa 979 are f-(,".oe SamPQeg Aom
o jont distebution D hauir\j same.  distéhukion as CX, V)

hen, fv a  dassifier g X - Tt |\ , we cn wrte

L(y) = E (L2973 = p (yemr#Y)
—— (x,y)wb
PNS 0,099,/

expected o33
Tt is a good idex fo m&a L3,

2 Questiong : Neive Bayes claasiber

—
1. Ts L(ﬂ\“) cemparable to g (g) 2
gec

whether é\ﬂ is  comparab(e with the best clagsifer i €
2- Is Lfé\hB Comparable ‘o L (fﬂ\n) ?

. A
Com‘)a\-isor\ befween IRO—SQmPiQ" eror  and. wemag_ oY ‘/Ior S"\

Assume  g* = ag min  L(3)  {Nave Bayes
et

Resser Qoo
e wate  L(gh )= LigH) + L(3H) —Lal3e) + Lo <1§‘Q SENELS
N
< L1g%) + LUGn) -1, (5) + La(g*) —L(g9%)

= L(i:‘)—l—cj*) £ ::PC\LLNS)—L“CJBI + 3??6, L Latg>—L @)



= L) -Lygt) £ 2 ;*Pthnfs?—usv\ D
€

Remack > @ s wniofled by (x)
@ L(.S:) —Ln(f/g\ﬂ)

IN

Sup | Ln(q) -—L_(g))
3ect

Remack = Pechormance of 3, is governed by Sup | Lay) - L(9)) .
jee
we we wnifprm law of lafae numbers o handle thig

Empiv'\caﬂ frocess Theory

U
1. Unibey flow of lm@e numberg
d. Uniforn cented Limit theorem

Oniform  Law of lar‘de Nog-

Suppote K, , X2, + -2 Kn ¢ ¢l vandom OLJIQC‘{'S "r”*Ki“J value in X - Lef

R be class of veoll —volwed, bunchon o X , whak @n we so abouk
n
sip |1 T 40 e F0] = 2
feprp ' "
Ta gaerLar’
® whether 2—©0  when 0 S large 2
@ Can we oblin nov\-angp%oh‘c‘ guarantees 2 ve. quasantees foe Q“eg a

@ (an we ffowcﬂe condibowg o £ ot 2 mmerjeg-l"o o°?

Comechon fo M| and  Stabichice

® 8inon91 CQa?Ci{\‘caﬁM —
- i — (Xi ,¥i)

Fofafaensyy ge <)




@ ™M - eS\—imd‘\'{Oﬂ jH'ﬁnl"_ a —WR 0’# ZOSS’ 7177

M I
s, = arg max l“— Z Mo )
Pe & v=1
Wke\"& ALy Ay ave e (‘~0( ohsenalions, A is Fa.'fd’“’\@i-er 4”)04&

My are yeal velued fn pacimelized by © -

Emm?,QE.S, 1. mg(x) = _Ooﬂ Po (X)) e Maxrinmum l{keﬂfkooo[ e,x%mo.%«rCM'LE)
2. wg (D)= —(x-oY> <« Sample mean ( Wean eghimator )
: o
3. Wmg (X)) = - lz-©| < Median eckimafor
- e
In mean eshmalon | target qm\hg A é\“ e

+
6 = ag max E mg CX)

&s © digvance blw é\‘«\ and O
—
Similar To Li““g classificotion erample e want 4 (@4 ,0%) fo be small

¥ hweg ouk  d C’S\n ,0%) 3ow,med b 2 Sup [ %_ Z_q me (i) — Emecx)‘
J 8e O =
‘Nhﬁd’\ is an rlf\S\'ﬂY\Ce O{' U-“hco'(m lw 0‘[‘ ﬁa'ae_ I\U.mbef‘S .

Sha&a‘j\\ b Conwol Z

n N
O Koy Observabion : 2 wonenbutes arownd B Z te- E ;:PR\%T,-JL ) -4 D)
(mncenhd‘io*\ v( wxeasvre)

@ We conbol E 2 me\tj\q *Ed\m’iues like Sdmmchriza’s{on (Radechﬁer Cgmpflexi5>
or chainir\j ( e d(menS\'oY\)

Remark. : (I\S&mﬂ-o\'ic tegult) Fis called, “GQNen Ko — Gty * £ z =0
almost —suceld a8 0 —> o0

fscumphion . Sup 13&(1)7 < B N fe€ f\}’
"



McDiarm el 's iwec(lmoif'g/

Quppose K, %2 ,- - Kmoand 4 Ay L Ay > R sakichen
“ LW‘\'\AQJ Af%rgr\te“

7 '
\jC:t‘,.,,,y(“)_. 3("11’,..77\-—,,9'\' )%\._\—1 )"——}7"\)) S' C\

M A2, ¥ Le Onl)
Then we Wave

—

(Ffs(d\———vtv‘3~E 3“\"”%)2*) £ exP(——z-\,— )

< e

E— 11

ﬁﬂa_ The bounded  difference say ol « £ Heef g not too semsihee
on a? Ug ik a"(fj“wt’ﬂ{" cancenhrw(-ea

Pooly Medigrminl s o 2
2 < sup )%glﬂm)—g#mﬂ

Fe R
we conshuct 1t gemn) .
. NN o 2, TN TESE
8(.7~t ) fer [f) (
Lol 1y) = swp | L $MD+H“) )
j(ﬂl " 1) oce%\ﬂgﬂ ’ 2
:“P/l (%) — & §-1) + £
fep J/ ‘_OL(K1)
T
,4 i|"‘7f“
9 ) + gup 7,4(_@’)) >\ fore
Fer " fe&\ A /

h <



Henee 3 sakisfies bounded difference = O"P?’Q(] mediamd 'S i“ezmg'é‘t i

fFl2-€2 >t) < u<p< = ‘1913 = Q?‘FC——n’l—'L

28*

W P(2z-&2 £ -%) ¢ expé‘_::z
8%
S—"—
=§

Then  we su(7 - > ],_g

/

Zz £ €+t + R _Zﬂejl
- " "8

t

Rewark | We veed f wonhol € qup
e R J "

Z:_,f("*) — Ef(x)

To conbd & o 2+ — £z ~
@ el &4/

Conoen\\’oh':.m I"\G‘ZM“ (Hwﬂljf"‘j )
i ~ T
guﬂooge =fl‘ < Kn r.v- such Hhat a; < Xy _4791, almogt Slu‘”j*(?/

wWhere %@ b, .obe are veal numberd | Then for ana t20

w. F» _/L

P eI (ri~87%) 2 8} 2 enp (222

Z: (i)™
GV\C/( K
P Ky ~RX:) e —4b ¢ ex A
Laa e ) } F(?\J(b.-»«f”)

fook  let ¢ - ,n(m'—rg?s;). fic A0 we have
PCS>2¢) =p(c™2e ) =2 £ (e?) = e BNt
Y Bl _Q foe wmmicW - CA% = er C—A’c-}‘{/'&(H)
e = ettt g e b A T2E P

NOUE ‘_®



QVS (&) = ,ch i eAS CQOjf-W\_gf‘/cumw(qwi— In )

P &R (Ri -E Xy
) - g et BEET g . E e’ )
N é=
?"\Clepeno(evme__
" Alwy — € K1)
T e Ee
= L (A
s 1) we analyte Z_”;f LP):.'—:EM @

"F)‘(f"EXl‘ Ck) . M‘:cdq ‘(’0 ce'\Lm-,Q K’)

——

J

E" & Ry < U £ a; - E RS anwa— Swre)?/-
N

b\e.j'i'ﬂ'rm
Tayfos  Seve)
J IPUCP\7: ¢ ,_7_*/(2‘),’_ W’(C)(?‘]
¢ -ty B 2N ER) S
% y,\u’[b) = A £°j £ eR\U _ l f(@_)‘\). U)
- A=©O _
f = EMVI _ o_.
(G
¥oca) v ") A*
B (,\u) EC\).‘-@AO)
3 2
V‘"h(/\)s A ‘ E(UC)‘U) - ’—E(Ugr\u
o‘)Q QCAV P——q/\

(e
e u(ﬂ,Q Qlflow : P’ “(f\) > 0O o Oﬂ\? A

Oonaider o .~ N whos= Jeng,% ol - &enl‘i? ol U
. AL AV
s e/ ke

PV = P o A (u=0o = Pu= O3 [v\,__)




Fuea) = g 0vr) —(@v)T e e SV

> o

Reofe 2 Suppoct o€ U & a; ~& Xi , Ly —E Xy

gt A

Excrerse @ o O“J rardem \(dn'odoﬂe V4 ch‘no//
b

Nar (V) £ (la;;a\')’b— < b proas,

= Vu ('V): Var (V) 2 @1' -a; )"
—a

L,

o

We ‘lcxve,)

¥, () = %Z%n(%) z %Lclo1-~a\~97—

Nooo subgﬁjrwfigj M
e = 70w (08 20 ATt a0
SuJosH['ang ths W

/

n 2 N2
PCs 26) £ emp(~at + 57 A%ch-a) )
t

O?Hmf%’lﬁf\j ever A, PUJQ' A -)f: 4

—

S@'p‘ - a;) =
()WHiﬂj A = >\.961

frCS >/‘t) = exp — 2t
V‘Z'Cb,‘——a;)’z’

=]

To 3&4 other side of comcenhodiony bPuk Vi = - )

= 1



Reodling  asstanment ~
-

14 Go g prof of fec 2

L. Revise Wur'%rgaﬁes

Centrall Limt  Theorem 1)1
Ki s Ko, oo -5 Xp "m(ﬂeper\&enb with  wmean M, Nandance o2
o = e\- 7\:( X <Rea_&‘ij > Comergence of T
CLT: 5 (?ﬂ - “:3 K Co,4) Covergence In dcshiMon>
s Aishibudion

Sk{ﬂmse a0 8 Vevc\i Qarda. Chor & >,O>

ﬁ’(«a(ﬂ;_**) zt} x fF(/Wo,D >t )

Scalin
‘\3 rov b g, Naovance Scalles LJ o~ 2

P\ (Fa-a) 2 &) = pnce,emn) 3D
We ule MG £ based raethod. Yo u(J?erl!OUf\a'{

PFCM(ozq_z) ?6’) < ﬂ;(c)\ NCO,«-"—) >Q,At.)

~

< -At

2 e & eANCoAr’V—)

ﬂ{‘i (1= eﬁ’oc% Pm)

Y
= exp(~Ak + Y’:QCQ,G-Q_) C’\))

. QAMQ,HH) = cd’-}f ( Exercise )
US’W\} is
Plroo,e)>t) ¢ e?\p( -2t + 5%57-3
optmol A
Pl ro,e) > ) = ap (£ Y
* CLT: ‘ﬁ’(\m(?n~u3>,t) éexv(?; NG




US%:& kochchrl??_s we 32,4—/

Lioo- X, ECXI =0y Var(X)ze?%, 4 ¢ X £b  a.s.

MZ\:, Ki-ECX) 2 €)% ex(,(_q/c""

n(b-a)>
b £'= G-b
= P L [_lx; — EC(R] = G';nb = "‘F(’C\f—t&)i
— .
> (F(Jﬁ(xn sw) k) £ enp (bz—fa)m) ®

Cbmearigon :

CLT :  exp —_ﬁ_)

20+

Hoe‘H'Jil\g’S : QXFC

o

With this | cLT bowad s

eer-— O_) < U.PC ?Jc7'>

Qe -2y

Remark s @ 4 Bewor upper bound wmotched b(w CLT, Moe%&inj

¥ o~ 2 can be wucdh smoller 4han range makes CLT Lowni

S‘Ns.rPer /s !’vow]er
X CLT holQdse QSJN?%Hcall and is an Mporimation .
on the other hand, kod{d&'y'c ¢ exaet | non —agymptotic (2:\3497,'4"”
Quﬁ Esses Thm ' How Lese apR  w-ed LT C&PPTDMMO«‘HOﬂ gcd.QeA)

aY 1/\/R
Note MGF Lared ’\-echm'?u\e/) we W



Confidence Tnterval

guﬂk’ge' Ky - - Xn ¢ vandom vavables with H?X;,u, Nar € = —

a< X<\ angJrsm'a,-
Problom 1 We know (@, b, 2) and want o edimate 2L .

\We obhin a set (T“EQNQL),AEO known as confidence interval (CI),w\r\er'c A
Liex w-L\»{)”

CLT based \deuw\o( G:ﬂassfmﬂ) Cfbr = = o>

n->

(Rl f(,ﬁ(@;_“)/é Jc) —> P([0vce)s )
(union of fine cven)rs)
ik ¢ - Ty, (L-guanbife) ot P (0] £ 2wy) =l ~&
Urr, | ~

Xn - A

Ay

= .')(_n — =Ry < o 2 '—“,\_ i—?:“l'), C- I
Va )

Lﬂﬂd“" of interwvel 20— :E”ﬂ/q, drinke with 7
N9

Hoe&‘&fn,c, 'S fv c.T.

G’(I\F(xn—“\l ) 2l (F 22
"¢ t= Cb —a)\[———“ V\fi\)
3195

kenj){*‘l of inrerval ,

SQ) wrp. A=
! 2 o 2 b-a
Ko — < b ~o) | 2
( Ko M( - J\[‘:\C \ 5L_ ﬂs‘j %—__ o, £LF s better
— — s %l
A Nles in L 7(” —_ \ , XT) + u j o T. CObJ"V\'P Q.)



Sub - Gaussran

/\SSume K~ (u, rz)‘ We Know Ah et

This mokuates us 4o olefine cfust of v.~- exl’li“"q’""j edw
\’W?elﬂ"r\'es,
Det: A rv: K w/ wean ks colled b - gawgian L there exists
o pesthve number o~ eych Fhod
E e)\(x"“) = e_)\qa‘r”/’L B oM A

T¢ s denoted ag X ~ gu&g— (r) . g o ca.ueat the Pamme‘?er

o( sub — Gaaseiav) .. , e e o Pﬂ,ﬁj Lo Yagiance .

Examtp eS (O Gaussian
@ Raermoquer e\«

€ ¢ -, x1Y wopth equal ?mbalonCJZr " N/Qk
We want to dhow ot~ € 18 1 sub gausgian

- ¥

M= 0, E e € _ erie A _ f ak P zm(_,\_°2
> ) koo w[2F

o= i "_6 < ©

X2
@ Bounded Y. v, £ e

Q«F()oge, o £ X < lo a-8
Ghow Hok X~ Subl (222

lask clagg - ng = e_’\x < (b-q)’im

= gt enp(f\l (b—Q)L7
€



Hoe.H—ch(}j‘s 'me%udél] for sub Gauteian [ oot Just Fr bounded r~v-j
Suppese X+ Xm are b G (c;) od € K=U; Hhen,

froall t 2O
e = (i-EX]) > v) g exf( _ e"—)

“——‘ _Z Eﬂd’“fl

\':(

Plso(" D £ —&) 2

: A )
Remack Ti= LFQ" , v 3@\- back koe-#v"lgj’s for bounded v - CP{:\\E!Z&Q'L}

2

Pr°o+‘ ¢ Uze Cramer — Cf\el”r\O# “-echm'zue_/ bound on Ee)‘x Comie S
fow dedn  of Sub—aa.ussiqn &irec%g f

Reading exercise :
(’,If\ar 2 fom HDO (Mar"ﬁn) — Sujo,jqu£§1'qn ( Lmer Ao §uL—6XPﬂ6\41'al>
— Ma'rhr:?aia .

1#/)
Lagt Hime : Concenlvakon of measure

- HoaH&iné;"s ineq, for bounded v .
CLY
~ Confidence JIoterval CC- T.) conghsuekon
—  Sub- Gaussian X s g\L‘oC—Cr)
s.'?.
4 e’z N v ),
— HQCH&ing"S ey Br Qub~gauccian

Pro‘)ed-ies of Sub - Grausgidn ¥ v

© X, X2 ~ WG (6); Sl lay) and ng are. Tﬂde/peno(ent- »/ mean oy, Mo

L 2 n_
')(l +X, ~ £ C}\(K\T'K'),-@ufﬂ'iy: = e){'k\"%% e(\éiq_—-ﬂy_é e_z;:@\l '1'5‘7_)

~ 8G (o)



Reading exercice : Qub— exronew\-fa,ﬂ w-N.  (chapter 2 from HD3>
I

*® M I X ~ Cub G then x’l— o Sub QX\?OV[Q“'HQL

Neco X where X oo Ky o Subd
. + Xall ~  Suberp.

QY= %"+
*4

r’[a‘"hwﬁ Bajed Concephubfon <— Deob 1956 (reJ'ed‘eol Shannon's paper” ’p)

¥ Bounded, Sub-G Sub — exp We require X, - X Ao be MdependEhb
s lf\&?{ﬁf\&tncc &OQS“,+ '\MM " mmlj QeH'h\\C;s — online Learn\'\y/ Time - Serrex

* Need *o oleal w/ dependent r-v’ s

Marhngale
LR(»’ fal fcz c .. fair CYL; Fr. )::/ S called < mar'#fyo[e W
¢
i Yq)_ - - 4. EC‘IY\QD < =0

A~ o2 )
> ECY#-H’?&,QJ'—‘Y,Q a-s-:

Ex 0 (Pavhial Sum)
leb Xy, %y, X3 5 --- be &i.dd @andom vavialbfe] w/ mean

= 2_,” X — kAL w/ Anite varant e

Define, y
k -

This ie a mqrhnjaﬂe becaus e

®EC/XK+\1’] < A
® gy ) ) B
K-J-I,X\---XK] - EECZ‘:.(X{ —x N 3 -XKH,—,UL[)(,,, X(cJ
= E(YKIX\'”)D+ E(XlC_H AN '7(',,.,-'?(&)



Example . ( Doob Markngele)
Given a sequence of independent vaadom varigbfes Iy llwe dekine

K=
T = &£ %o %] v k=l.—n and
No = (E[-FCX)] 5 where X = (Kys---5%y ) ad £:R"—>R
with £ [#0)| < oo

we aow show his s a rl\drhnsoﬂe
Yo= £0X) . Se, £00) —ELFO] = Y- v,
= S -%.)
K= “r——
Afference_
M . {YK\L-;, i a ma.r\'ir\jale YR P ng\]T;:,

R o (R 0p0) 4 o o) b gl ks o

K
K- X Co—peld
over Ky« " Ao, < abosorbe ( © )
lxl""Yln

¥
© E[I?’Kl] =® |k C'FOQ\Y..JY/LJJ ") tviangle ?neq’udrb//\jemen
< B | 4+0)] ¢

—_

Brop
—B' w elyi x) =E(¥)
@ ELTu I Rl = [ eGootn . e, (to o Mookl cpedobior

Xyoee X ]) Tower vule : Sm‘adler- set
3 n
= E[fo)]x-xx ] "

':.'>(K

Twerede © B[ €029, ])e, ) =l=2] &0 it s s,

Marhnjaﬂe differente .
A seguence (D, Rh)k._. i3 called martingede  difference it Dy is
adﬂ-ﬁ.‘et{ ‘o e and.
O E(Pyi<e @ &(>ulf) =0



Nethiral way {CYK , Pk)):;, mar&-%nja!le_ ; Dy = 7K— Y\,\_1
@ ‘E[.D\l'l = E C(TL'\,K—l]j s \7“\'1'@ \'Yh-ﬂ‘ < o0

® eCtxnl R - E(\YE-"’Y{La-\\ij = Yy —% =0 as

Thm ( Azuma - HoeHJi?y’s inetzua]('iy) [H%deg]’s for mar’ﬁfgale dn‘#e'rencesj

Jeb CDK/ th’)m be o murjn‘nja.ze ditference sequence where e €Dy ¢ by, ag.
R=t
Lor k=] ..-n . Then Broall +t =0,

" < ® —2b’2-
P L Z‘“'bm >t ] cep ( ) anol

n

2L
ZK-:IC bK ~2x)

l?[E::('DK < '—l:] < exP( -2k™ >

n
Zk'a!Cbk ’ak)

* Bounded mur#%njo&e difference concentrotey .

* Asuma ~ Ho&#dfnas for Mar'\iwafe Sequented — @kiﬂoify; Uwi'lour

Proof & QUmilar Haeffdiy'g bound, fr boundeol wv -, jn Par%‘cul.ar we  wfe
Cramer — Cheynof£ methook

Qmo\r‘ﬂmo
R Sy
Lot S'ZF;,Dt ;o PCS 2 E) S{PCCAS%CM—) =e E e
- x3
S exp(~at + ¥ (A)) dhere o (A) = log € ™7
=D
= .QO = eA K':/.L
Leb us fook ok J
n “ -1
AbD b3 P
E[\_C;\Z\%?I ’p\r\-—]] = (ECC " c/\ e T 'R""]
AT, 'D
— e €= K E[eAD“{R‘“,_-,’]
M
Ug‘\nj same +€chnfclue‘1—f MGF of & mean 2emw,
as koea&#d.‘:\j loounded vavdom variahfe

-
AZ D
< (& o k) exp ('—2-2- C{On"“n')ﬁ_)



loat Lime we were Q°°ki"y a 28/1

£ % Paf-FPf =

< L 7 + ¢ - E
’-{GF: f—ufﬁ n Zl‘:l €= 7 - +CX)J
VAN
* Rademacher com rﬂcml&( : 2ymmekiRakion chainina,

for a sk A , drav 0 dements - - -a,

Cer\n‘mﬁ) Raolgmamher o\v? : E\-\ (A) = B gul;t [—w}f Z_
Y]
A Examples : , - Balt | L4 - Ball i
(V) (")
Todlg :=Connect R. C. b 0-L.L.N
- gamme.h‘%e*l'o'r) G!V‘;Wﬂen,{:

a
% |'4l')

= W/eczuaf F\rblo l(,w_f)

\

£
K
d

~ Gounds o & Qup lf’»‘—f '—F'-/L]
fe®

Ervapir{ cod Focess Seiup

— X, Xgsoom L By oo ttd 2
— £ - Quse of read valuez[ Amch'ons

Leb,
F CK(;Xz;'-—:xn) = ?ﬂC?ﬁ);-u > 'ﬁ(xh')-' 126 105’

A random Subsel of RT <«— dompuke ~ademadher aomFQm‘g,
6( -Hq;‘g

S TN
Ro (FOx %)) = B sup |0 3" eexpe; | (S ESg o)
Fef\\: " v=l ‘3
- E R Roclemacher Compley
fo(F) = &, RORCXC-X)) < Reder r o i
= E B owp | LSRN,
Ky Km e :&I;f I W Z\':- 9 —_ C,)

Note : A is a das o /u, KX~ Tn) & o mndom subsek of K"



Theorerg (€ Sy mme k\'%ahon)

We have [ up lﬁn‘g — Pt / < 2R, (F—) where Ry () ¢ Lefwed in ¢

fer
te Compoment - o'
P]"L@ﬁi )(‘J,,,,thv\\o((X) (I) /Phe\ e
Withdraw CX|/,...; X, ) fom  2ame dls'\‘«buﬂon 2t (%, '“'XV")_{L OXpse s %)
(?Hdepcnolen’r)
= \ ? cxy! _
E A0 = €,(L 7, ok 7) o
* e
x fe-pi
of X!
Usii\j @) i ‘\Jg‘,mo(lw\- f A
TEx o T — ey (45l 4y )))
cp
/ confant
H‘:X fi‘*R E_,SI(J”; ?‘ZIFC'N\) — %y )))
()

( Sdmmel‘n&ahm o.va,\lmCNL
3 le{ i€ cmvex . So ule jewseng mew.aﬂy/

— £ B, H[‘.Z,ch.) +<x,’))]

- - - fe g

2% Sup () IS convex

Laim = £0x) = #0X) ts dishibked, denbcally o
(”FOC\‘) ‘_’F(X\‘,)) E(‘

dobshion : e fpipe sy, bat X, wif qo0d, 2o they sudch dhowpe 12,
= & ”"€+Se£c ’ L Z,.q__, g CFCRY) —/—(x;’))) S“TC:;;)(AHW@
< B e 20 |+ T2 e (#cx.))( +
= AR, (F)



w: Iﬂ ot el e m’ﬂdi’\'mm x\"'xh Cxl'-"’dn’) . .901 in this S’e'HfY\]?
R (RY = R, (RD

Qimrﬂe Bounds on Rp (R)

Lemma (P’lasgw{;»g Lemma.) . Suﬂmgt A it a -énﬁ*e g&bg% o! {ﬁ“ w;}k
exclinality 1AL Then

)
i Lz sl < BT [
QGA n o=

P“"_of': for Y\Q'r\—-neja.h've X | we write
E X = fT’CX >x) dx C execcise )
efadron - _l“zftxa{z = \\‘l“?_ 7 2_(";: o = al& = oT 5 (‘r{‘ _‘é_)
n " o
2
EQ(M]:_IF(C (a‘g)
€ ™ oy
lla\[l A [’ B ”q”q_ ) > 2L } doe
|Gl ashatly) }
= F(»)Ar«rf e oT T > 6 llall, (e (l)lf doe
friode e € gt o5
=1 J*; Z:ﬂa;g’; <« man 0 So dicect l\oefé@y/
: = — < ¢ =
= 4 +2 fexr(—_i_rwlac)p(% < €9
o 4 laiy™
A bo
1072 |
0 -
e 2 (TxPde = 2 -0
1
We have
o eﬂp[mx MTEIQ’] = B ™M ey (aTgll (Bflfg
ath 6 llal,* ae A s nal,™ \v\creacingj
<

© C"\"[uwl AN O

" € lat, ™



@ an be fe-writen as

& e_x?<[ max \o.T ¢l

2¢R Ve tlay,
R Fact : Show dhot

Usfnj J‘e“gen’s l‘ne%wxﬁ\y :

w(f ]L) <

E menx \Q_T e]
ae A

max ‘O.T é"l
2eh Ve fau,

- Cmo.x §a,bY)

2
:l)é 2 1R

X Cu"- l-S convex ( ~x ~> D‘) (C(’JT“POS"I‘}\U‘W)

E ewﬁl

> = Mmaox é'aq—/ Lmy IDT a’h 2 O

-

ax (&
Wx[ ) Mma khg
N4
T2l
2¢Rh Ve tau,

W\ max Wlall,

(%me \oug n 9'/’(— in - en C“))

w
Applicabon of ULLN
Apply Moszart’e Lemma to Ry (R)
A_Qw_mm.- R i3 Roolean 5 £0x) e £o,1Y ¥re X ,4e
& Clossbiation, {'a'ﬁn(?
¥dk Lok wn hx R and (K- --%n) ~ (1\,-,9(14)
. o - rA] = 2 R (F) = 2Rn %y 2n )
<] T (2 o)
R - %) = FH00)- - £0xy) dery FER 4:1
e
e
=
* IE (X %)) o~ 2n
e o | Lok Gt of R (r M) e
{E{\‘f “"f —f‘ﬁ) [6!#:_2 * 6909 2 ‘\mrwh“{- (oﬂl'#eren-{- fom Hhe ere 01[
{u\th‘oﬂ cﬂxmg)
LN

qdu\om(al dis ciminalon)

(F(x - 2n)) N?aHan’)

e
B 21

pin) =n %

Checked. _"j

Na dimenaion .

(B -PEl = Knﬁ"w S(——



Last clase : Sammek\':;g(-iof\ f show Hat 371

E &0 (04 -Ff] < 2Ra (R Xa )
feR

where 'Rg(‘x\...?(.,l) = 5‘(%{’1\)\"';#(7“) -"[G,P‘}Q{Rn

We ondibon on W =27y Ku =2y,

—~ B R (RO -%,))

(an YWwe Tns*'eal
xl "Xy,

(Recall )

lemma. ( Massart’s Lemma.) © Suppese. A IS a £nite subsek of R" with
camltmmﬁ IAl . Then,

R CAR) =& max [ L 3" erac| & [0 (218) A
T 142 ] [T e [

ae f

Ra (R(i\""rh')) <
r ﬂj({ﬁ”" ) Yiax \/’m
§3001‘it\5 n fe R N

unwerey congtants

Usin(j this

¥ Want Upper bound on | & (% --2A9) |

hssumpbion : £ is boolan . FCx) € fo,y ¥V oxy , feR

% K polean, | R (x, - x)| £ 2" Is s weeful < (o)
¥ < |
St or (7 s not Rn( ) -

Leacnable (o wotler hoys may squﬂCS')

* folynowial Disctiminadion

F hoe (.\o%“om\'a.l disedmination & there exsts a (N{Tlom\'o-q_ J:('e) g-t -
[Rx,. 2| £ pCa)

_Ex . 1 PC@:\'\"(/ 4hen R,\CF\‘I’)"{ /{@



B How b chetk # R s Po%ﬂmmajl diseciniinotiom 7
L> \e dimension CVarmk Ckemenk187 [A combinatorial o@)‘ectj

Defn (Ve J(meﬂs(on)

Slr\a.Heﬁng © A daite eubset w72, Y s said 4 be shattered Ld a
Boodean clace £ it

[R(x - Zp)) =2" © R tm) = Fo,1Yy"
The VC-dimension p of K (s the wmaximum \'n’reger D for vhich any set 4
Foty - Xp Y ie  chatfered by £
¥ TE$xy o %y Y choffered fx evew D, ve dim s 00 |
Eravples : O Totervals oy R

St = {1{_%“] L a e(&} —

D=1 $u} i chotferd

1L
where if—w,ajm > { 1 ,e/ x £ (-o,2,~¢) b SN Y
OJ Q/C.D I ‘ [
00 19 14
do 2
@ Ertend. R < Canpot  enumerate 01)
Q
Yok = { jL : Ll
[“'7L1:]"E“9_;k7,3 At elﬁj

\IC‘C grec-[:) = 2_

®m: let  9) o a D- dimengioned. vector gpace. oM real funthon& om jC
Lek
Y] 1 a*: .
{ﬂ(Fao) :7LC_\?}_T}\en, ve CF) iz mosE D

ped
-L‘Z.' Le{-{zl,.. Dtb4_]'1] ard comeider T= f,'c_(q\),.,%[ﬂbq.\) £ £ }

F Sowme cacﬁﬂ)‘cfevr'l:f X € (RD-H £ 0.

D+ wluaon =
S ) = O froall +ex7<——v*(edm“race)

(-—I



Ance «F0, NQ? , Findex & 24 o(k >0

ler's assume. E dudders S”(t"‘“b\f? ; Men Hhere entet

.
'#GJ s ,ﬁ(‘x(\) < O br 2L ¢ 4t X > O
ex) 20 « o« 20
With e
Dl
T i oA ) = S fr) + - - < o
=t N Y
[ P e
<0 20
/8 @ﬂwcchbn_

VC dimengion and VLLM

Remack + SINC  femma an be Pawed uting induchon  and "Jown—shf'/-hn/ .
C ('(90( F‘ll n HDS — Chapi'er L{ (’ro? L )8 >




Chainin
COVGrmg dnA P«ckm
LG{‘ CT,J>) Acnn-}'es a mekic Space T wi

B axociated meke p .

(3. TxT —= R)
® p(e,¥) 20,
® p(e,8)= 5(T,06) C&ammek\‘c.>
©® ste,8)% p(F,5) % pce,8)  (Tamle ngualhy )

ot o § o k)

R‘{(ovsu\:sd‘]
s, ) =\ e Tl = (? (9 ~8;) )

Bx . Rooleon cube = 80,15Jz

4
o,8) = o, &) = # vordinotes ak- = 14 N
PC QQH( whiclh ©,8 drffer %:I (GJ_fc 8 )

(' f J. = o(
Netmalized kammg iy ?\}E, ﬂ(SJ‘qéés-')

Ex CL0,1]: s of all  conbinuowy Ainetiong in Coy] 4

M:(SuP_nmm) f ’ ) ,.3(3(){ :J)C'F,j) =l| "f'(? lJm
1&[\0)13

_E)i . LD' : space 0@ £7u0(re ~It\“(&']’a&/oge —an an Co)‘&j
1 1/
L [f@(::%g(x)]"— doe ] 2
Ex: (w007

F9l, = [0 (rar-300) duel] =



. 412
Coverinj Number : A £- cover o,[ a ek T V’"’"{“JO s « se ks

SN 9,0 /)<
Sol,...,eNyc T ct. ¥ beT SIS A e &

Coved‘ej Nimber [ O (€, T, p7) i3 the Gmlinalrg of the swallext wver.
k&<, NCQ,T L) 2 NCGL,T, P

Ex . ait hJFercque.
d=t: €], peeser) = 10-2" ]

N Ce, T /_?’) < ‘/&Tl CLTEQJ&\Y\"'O ntrervals 0‘7’i 283

%N - -~
a Nalid [ g B 2$ — 1 N \
wex -1 A
condhwchou-
23
N €8, 1,172 1) <<"+1:)0L&—Jnghsn&
_EL'- E'Mag Hdrercube . ?"/‘)’(‘7&\ =
Fix balkte @& combo .
f(s’el) Z N |
Yoy # o'} e -9
rG-4)dT T(8) = §0e Hy [ O ooy f&S
Doy (S Hysp) & 2 { 2 | 8 J}
‘I'ur(\\;:': S:?S\{;ZJ””; lh('(—g>at7y
te o fower loou.mL M gty

gdﬂdd‘é on L 41_{ <3,
?abkig Number

A & packing of a g T wrt a wmebe p ® fol,--,0Y T st
y(ef, o) > § ¥ Ly e Cn ] ;H‘j
ﬁck;y\\(j Qumber MCC, T, p) is the Camlfnaﬁfé, o waximum  Such set .

BEO

OXS



lemma @ Rr £>0 we have

o €28, T p) = RNCGTP) £ meg, T, p)
®

®
Remark : These numberg are orderwise ezuivaﬁen{-,,
’P£( 1a) Let %‘g\ L. (91\1 }« be max)maﬂ Jet- o:—f g—separake& Fff—S 6‘«‘ ('}', 4’)

MCS T ) =N, Alo a valid cover

e ]
4 o disk = &
’ s = Add o MC§ T, 5) o g9et a betfer
[\
6N ch‘{\(ﬁj aumber l

C&Q Let g‘el, cee 9”3 be min set ‘9%' ‘F:"J d- cover

ity ove «
6\12':1 cenvey
&
cecre” S n = 4 bdl CCD\JQY\)

’ - Me, T e D0HT,)

Exgmples |

Pm&gihtm ¢ fek ||+ | denobe Some vorm IRJL _ AQQO,BR = f’me(R&) N f <Rj
Then & >0 p we hane_ R

A ans 4o Je
M CER> Bros M en) £ (\+-;—-§ C/arjaowm)

Proo'ﬁ ¢ ( Noluwmetdc arjumevx’r)
ek Xyo- Ry denote tny sk of Po‘m'\-s in ER that are {R Qe?am‘hsc(
re, UK -X5 >SRN #]
Then , the cloged. ball s

8 CK.~,;SZ_2P_~) = €><e—rR°e( (g~ X1] s%ﬁ}q
ave Atsjoinh



Movesver, all +hese bolls dre ortetined within & bl of vaddiug

o A A
CMC e < o(rg)
= M) < (H% 4
;)
|
%: VICS,BR,H‘*H) < ((-1—2.&)0(
3
Nofakion Coveﬁ:y humber /9 —vet
ExquaCf Gover /Pack a ﬁmc'\\'cm cQa&& ’
P(S\,le)éD

PTogosx'th\ L lek ® ¢ [{{& be a r\m\-—cmPlZ subgel with diameter D V8,9 ¢ O
let R=F4,: 0e ©F shlgng g (20 —4 (D] < (x)o-ay,

fix a measure &.

fZC'F;j') =f<’€(°‘) ~902))™ 4 @ (%)
x

Then & > O

)

4
MOE, &, p) < <\ - ZDﬂrllg) where l{l’[[;; fr(z)azﬂ@'ﬂ)
S %

_fi-' Need o fnd R .

2
f@al (x) — “FQLC')c)') d8zx) < f e USF@Z“Q 403
x x~
< e e —st™

=
P(Fe, , fo,) £ \ I“HQ 16,65 — @

Fom CD) b éf\eé a J- quki“j by fQ" ) f‘: N fufﬁ’(‘f'??(ff’ ) And( o
Pac@r}j wm 0



?ac('\inj for 2he

MCS} k,j) < M(i—{"?” ) @; ]]w”L) —*C %chkinj '{D\'Vlm)
3

8(a,D) = §xer® | 1x-al =D}

violy

nm <l N W])‘Q
&£
o

£ $
"y

o
y B@,D) 5 ] "”'L) =
%



